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The accepted ideal rocket equation for thrust, found in countless textbooks, is proved to be
incorrect. The correct replacement is then presented and shown to obey the full form of Newton’s
second law F = p˙, so the sum of external forces on the rocket is the time derivative of its momentum.
The accepted velocity equation is correct, which may explain why this error has been overlooked.
PACS numbers: 45.20.da, 45.20.df, 45.40.Gj, 01.50.Zv
INTRODUCTION
The ideal rocket equations are a pair of equations for
the thrust force FThr ≡ FThr(t) of the rocket’s exhaust
acting on the rocket, and the velocity v(t) of the rocket.
In this Letter, we show that the quantity identified as
FThr is not the true thrust, even though the equation for
v(t) is correct. This explains why the misidentification
of FThr has not impeded the development of rocketry; as
long as formulas are developed from v(t), most predic-
tions of the rocket’s motion would still be correct.
However, it is important to fix this long-standing error.
Often called the Tsiolkovsky equations, after Konstantin
Tsiolkovsky who published them in 1903 [1], they were
derived earlier by William Moore in 1813 [2]. Thus, this
incorrect form of FThr has persisted for over 200 years,
such as in [3–6], and is indicative of a widespread misap-
plication of Newton’s second law [7].
For simplicity, we consider a rocket free from any other
influences such as gravity, as shown in Fig. 1.
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FIG. 1: (color online) Initial and final states of an ideal rocket
with changing mass. Its initial mass m has initial velocity v
relative to inertial frame S. A time dt later, its mass has
changed by dm < 0 to new rocket mass m+dm, with velocity
v+dv in S. Its exhaust after dt has mass −dm and velocity u
in S, while the rocket’s velocity relative to its exhaust is vrel,
specified as constant; all other quantities are time-dependent.
Defining the system as rocket plus exhaust allows us to
apply conservation of momentum, where m is the time-
varying mass of the rocket, m + dm is the mass of the
rocket a time dt later, and dm < 0, so the mass of the
exhaust over this time is then −dm, which has velocity
u ≡ v′E,S in an inertial reference frame S. The rocket’s
velocity with respect to S at these times is v and v+dv ≡
v′R,S , while the relative velocity of the rocket with respect
to its exhaust vrel ≡ v′R,E is specified as constant.
Conservation of momentum (from time integrating the
full Newton’s second law on the rocket-plus-exhaust sys-
tem with zero net external force), from t to t + dt, is
mv = (−dm)u + (m + dm)(v + dv). (1)
Using v′R,S = v
′
R,E + v
′
E,S yields u = v+ dv− vrel, which,
put into (1) over dt, gives the first rocket equation,
− vrel dm
dt
= ma, (2)
which is correct, where a ≡ dvdt is the acceleration of the
rocket in inertial frame S. Then, due to the appearance
of ma, (2) is traditionally called the thrust,
FThr ≡ −vrel dm
dt
. (3)
Although it is true that the mass of the rocket-plus-
exhaust system is constant, the m in (2) is not that mass,
but rather the changing mass of the rocket itself. There-
fore, the ma in (2) which prompted the identification of
this quantity as FThr in (3) is not Newton’s second law
for the rocket-plus-exhaust system (which has zero net
external force on it), nor is it Newton’s second law for
the rocket (since F = ma is only valid for constant m,
which is not the case here), which means that the true
thrust is generally not equal to −vrel dmdt .
However, before we explicitly prove that (3) is an in-
correct identification of FThr, the second rocket equation,
obtained through time integration of (2), is
v(t) = vi + vrelln
(
mi
m(t)
)
, (4)
which is also correct, where vi ≡ v(ti) and mi ≡ m(ti)
are the rocket’s velocity and mass at initial time ti.
PROOF THAT THE TRADITIONAL THRUST
EQUATION IS INCORRECT
To see why (3) is wrong, recall that the impulse on an
object by a net external force F (t) is J ≡ ∫ tf
ti
F (t)dt =
∆p = p(tf )− p(ti), and thus also gives the change in mo-
mentum ∆p of the object, a formal solution of the full
form of Newton’s second law F = dpdt [7].
2Since (4) is correct and the rocket’s mass is m ≡ m(t),
the change in the rocket’s momentum from ti to any later
time t is, using v(t) from (4),
∆p = m(t)v(t)−mivi
= (m(t)−mi)vi + m(t)vrelln
(
mi
m(t)
)
,
(5)
where, to be clear, this is ∆p for the subsystem of the
rocket, still viewed from inertial frame S. In the rocket
subsystem, the sum of external forces is just the thrust.
Now comes the key point; if FThr from (3) is correct,
then we should be able to integrate it over time for the
impulse on the rocket to get (5), since both (3) and (5)
were derived from (2). Thus, integrating (3), we see that
JFThr =
∫ t
ti
FThr(t
′)dt′ =
∫ t
ti
(−vrel dm(t
′)
dt′ )dt
′
= −vrel
∫m(t)
m(ti)
dm(t′) = −vrel(m(t)−mi)
6= ∆p,
(6)
which proves that FThr from (3) is an incorrect identifi-
cation of the thrust on the rocket, since JFThr from (6)
does not give the correct impulse derived in (5).
THE CORRECT ROCKET THRUST
The correct rocket thrust is simply obtained by ap-
plying the full form of Newton’s second law F = p˙ to
the rocket subsystem viewed in inertial frame S. The
only force on the rocket is the thrust, which we label as
F ′Thr to distinguish it from (3). The rocket’s momentum
is simply p(t) = m(t)v(t) where v(t) is given by (4), so
then Newton’s second law for the rocket is
F ′Thr =
dp(t)
dt =
dm(t)
dt v(t) + m(t)
dv(t)
dt
=
(
vi + vrel
[
ln
(
mi
m(t)
)
− 1
])
dm(t)
dt ,
(7)
where we used v(t) from (4) and mdvdt = −vrel dmdt from (2)
(which is true; it is only the interpretation of −vrel dmdt as
thrust that is incorrect).
To prove that F ′Thr is correct, test its impulse as
JF ′Thr =
∫ t
ti
F ′Thr(t
′)dt′
=
∫ t
ti
(
vi + vrel
[
ln
(
mi
m(t′)
)
− 1
])
dm(t′)
dt′ dt
′
= (m(t)−mi)vi + m(t)vrel ln
(
mi
m(t)
)
= ∆p,
(8)
where we used
∫ b
a
ln(m)dm = (m ln(m)−m)|ba. Thus,
(8) agrees with (5), proving that F ′Thr from (7) is the
correct thrust since it gives the correct impulse (which is
guaranteed since ∆p is the time integral of F ′Thr =
dp(t)
dt ).
This also proves that the full Newton’s second law F = p˙
applied to the rocket subsystem is perfectly valid, con-
trary to many published warnings of “misunderstandings
about Newton’s second law” [6]. To see how poorly FThr
performs, Fig. 2 compares (3) to (7) for a simple example.
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FIG. 2: (color online) Comparison of the incorrect thrust FThr
of (3) to the correct thrust F ′Thr of (7) for an example over
120 [s] with linearly decreasing rocket mass m(t) = mi − rt,
where mi = 10
4 [kg], r = 50 [ kg
s
], vi = 0 [
m
s
], and vrel = 18 [
m
s
],
so that 60% of the rocket’s initial mass is ejected. This plot
shows the possibility of large errors in thrust-dependent quan-
tities using FThr. The thrust should decrease; in the discrete
case, a rocket throwing out equal boxes at equal velocities
wrel ≡−vrel < 0 relative to itself, the momentum change per
time (in S) of the rocket and its remaining boxes decreases for
successive throws. After each throw, the rocket moves faster
in S opposing wrel, so the next thrown box’s velocity in S is
less than that of the previous one, so each box carries away
less momentum in S, despite all having the same wrel.
CONCLUSIONS
We have shown that the traditional identification of
rocket thrust in (3) is incorrect, and have provided and
proven the correct thrust to be F ′Thr in (7), also demon-
strating that the full form of Newton’s second law F = p˙
is the correct version to use. The original derivation
starting from the rocket-exhaust system is still com-
pletely valid, as is the equation in (2); it is merely the
identification of that quantity as thrust that is incorrect.
Since most models are simply solved for the trajectory
of the rocket, obtainable from (4) which is correct, that
is likely why this error has not been noticed. The only
time it would cause a problem would be if FThr from (3)
were used to calculate something thrust-dependent.
Publishers of mechanics textbooks now need to rewrite
their variable-mass problems. While (2) is still valid, in-
terpreting it as thrust is incorrect, and is a misapplication
of Newton’s second law that must now be remedied.
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